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ON HOLOMORPHIC THETA FUNCTIONS ASSOCIATED TO RANK r
ISOTROPIC DISCRETE SUBGROUPS OF A g-DIMENSIONAL COMPLEX
SPACE
A. GHANMI, A. INTISSAR, AND M. SOUID EL AININ
ABSTRACT. We are interested in the L2-holomorphic automorphic functions on a g-
dimensional complex spaceVg
C
endowed with a positive definite hermitian form and
associated to isotropic discrete subgroups Γ of rank 2 ≤ r ≤ g. We show that they
form an infinite reproducing kernel Hilbert space which looks like a tensor product of
a theta Fock-Bargmann space on VrC = SpanC(Γ) and the classical Fock-Bargmann
space on Vg−r
C
. Moreover, we provide an explicit orthonormal basis using Fourier
series and we give the expression of its reproducing kernel function in terms of Rie-
mann theta function of several variables with special characteristics.
1. INTRODUCTION
Let V = Vg
C
; g ≥ 1, be a g-dimensional complex space with a positive definite
hermitian form H(u, v). The real vector space underlyingV carries a canonical sym-
plectic structure (V2gR , E), when equipped with the nonsingluar alternating bilinear
form E(u, v) := =(H(u, v)). To a fixed real number ν > 0, given discrete subgroup
Γ of the additive group (V,+) and given mapping χ on Γ with values in the unit
circle of C, we assign the functional space F 2,ν,HΓ,χ (V) of all holomorphic functions on
V = V
g
C
satisfying the functional equation
f (u + γ) = χ(γ)eνH(u+
γ
2 ,γ) f (u) (1.1)
for every u ∈ V and γ ∈ Γ, and such that
‖ f ‖2ν,Γ,H :=
∫
V
2g
R
/Γ
| f (u)|2e−νH(u,u)dλ(u) < +∞,
where V2gR /Γ denotes the orbital abelian group of Γ endowed with its Haar mea-
sure. The cocompact case (i.e. Γ is of maximal rank r = 2g or equivalently V2gR /Γ
being compact) is well studied in the literature [17, 26, 3] and the corresponding
space F 2,ν,HΓ2g,χ (V) has a high interest not only on its own, but also in the light of the
remarkable implications for both pure mathematics and mathematical physics. It is
Date: October 14, 2018.
2010 Mathematics Subject Classification. Primary 32N05; 14K25, Secondary 37J05; 33E05.
Key words and phrases. Isotropic discrete subgroup; Holomorphic theta functions; (Γ,χ)-theta Fock-
Bargmann space; Orthonormal basis; Reproducing kernel, Riemann theta function.
1
ar
X
iv
:1
50
6.
06
35
3v
1 
 [m
ath
.C
V]
  2
1 J
un
 20
15
2 A. GHANMI, A. INTISSAR, AND M. SOUID EL AININ
closely connected to number theory and abelian varieties [25, 23, 5, 18], representa-
tion theory [10, 22], spectral analysis [15, 11, 12], cryptography and coding theory
[21, 24], chaoticity of a shift operator [13, 14] and quantum field theory [6, 8]. Under
the cocycle (Riemann-Dirac quantization (RDQ)) condition
χ(γ+ γ′) = γ(γ)χ(γ′)eiνE(γ,γ
′) (1.2)
for varying γ,γ′ ∈ Γ = Γ2g, the space F 2,ν,HΓ2g,χ (V) of (L2, Γ,χ)-holomorphic auto-
morphic functions is of finite dimension which involves the volume of the complex
torus Vg
C
/Γ2g. Moreover, it appears as the null space of a special magnetic Lapla-
cian Lν acting on the whole space of (L2, Γ,χ)-automorphic functions (see [11] for
more details). The spectral properties of Lν when χ ≡ 1 can be read off from the
spectral analysis of the sub-Laplacian Lν acting on the space of smooth Γ˜2g-periodic
functions on the Heisenberg group H2g+1, where Γ˜2g is a lattice subgroup of H2g+1
whose projection ontoVg
C
is Γ2g (see [9] for details).
Looking for the non-cocompact case (i.e. Γ of rank r; 0 ≤ r < 2g) is therefore
strongly motivated under a lot of different viewpoints (see [2, 1, 7] for example and
references therein). However, the explicit construction of the holomorphic automor-
phic functions using Fourier series is still far from being understood in the general
case of 0 ≤ r < 2g, except for r = 0 and r = 1. Indeed, for r = 0 we have Γ0 = {0}
and Λ(Γ0) is the whole V. For χ(0) = 1, the space F 2,ν,HΓ0,χ (V
g
C
) is nontrivial and
can be identified to the usual Fock-Bargmann space consisting of all holomorphic
functions, f ∈ O(Vg
C
), onVg
C
that are e−νH(u,u)dλ-square integrable,
B2,νH (VgC) := O(VgC) ∩ L2(VgC; e−νH(u,u)dλ). (1.3)
The rank one discrete subgroups has been considered and discussed recently by the
authors in [12, 27]. It is shown there that the corresponding functional space is non-
trivial if and only if χ is a character. Moreover, F 2,ν,HΓ1,χ (V
g
C
) is an infinite dimensional
reproducing kernel Hilbert space. Its concrete description, including the explicit
construction of an orthonormal basis, and the explicit expression of its reproducing
kernel, are investigated in [12] for g = 1 and generalized to high dimension in [27].
However, for g ≥ 2 and 2 ≤ r ≤ 2g− 1, it is so difficult to guarantees the existence
of a nonzero holomorphic function onCg satisfying the functional equation (1.1) and
such that ‖ f ‖2ν,Γr,H < +∞, without additional assumption on Γr.
In the present paper, along the way of [12, 27], we extend the obtained results to
high rank 1 ≤ r ≤ g under special assumption on Γ = Γr. Mainely, we show that
if the discrete subgroup Γr is isotropic of rank r; 1 ≤ r ≤ g, with respect to the
symplectic structure (V2gR , E) (see Definition 2.1), then F 2,ν,HΓr,χ (V) is nonzero if and
only if χ is a character. In this case, the space F 2,ν,HΓr,χ (V) is an infinite reproducing
kernel Hilbert space and looks like a tensor product of the theta Fock-Bargmann
space onWrC = vectC(Γr) ([11]) and the classical Fock-Bargmann space on (W
r
C)
⊥H .
Moreover, we provide an orthonormal basis and we explicit its reproducing kernel
function in terms of the Riemann theta function of several variables with special
3characteristics. The main results for which is aimed this paper are summarized in
Theorem 3.5 relevant to the description of the Hilbert space F 2,ν,HΓr,χ (V
g
C
), including
the construction of an orthonormal basis, and in Theorem 3.8 relevant to giving the
explicit expression of the reproducing kernel. The crucial idea is that the complex
vector space V = Vg
C
can be endowed with a C-basis whose first vectors are the
generators of the (isotropic) discrete subgroup Γr. This does not work when r > g
for general discrete subgroup Γr.
The layout of the paper is as follows. In Section 2, we fix notations and review
some elementary results on the isotropic discrete subgroups of (V,+). The space
F 2,ν,HΓr,χ (V
g
C
) is introduced and studied in Section 3. Our main results, Theorem 3.5
and Theorem 3.8, are proved in Section 4.
2. PRELIMINARIES ON ISOTROPIC DISCRETE SUBGROUPS OF (Cg,+)
We consider the g-dimensional complex vector space Vg
C
; g ≥ 1, endowed with
a positive definite hermitian form H(u, v). The corresponding symplectic form is
E(u, v) = =(H(u, v)), where = denotes the imaginary part of complex numbers, so
that
H(u, v) = E(iu, v) + iE(u, v). (2.1)
Let Γr be a given discrete subgroup of the additive group (R2g;+) of rank r; 0 ≤
r ≤ 2g (i.e., Γr is a Z-module of rank r). Then Γr is spanned by some R-linearly
independent vectors ω1, · · · ,ωr ∈ VgC = V2gR , Γr = Zω1 + · · ·+Zωr. We denote by
WrR the corresponding R-linear subspace
WrR = SpanR{ω1, · · · ,ωr} = SpanR(Γr). (2.2)
Definition 2.1. The discrete subgroup Γr is said to be isotropic with respect to E if the
symplectic form E vanishes on Γr × Γr and therefore on WrR ×WrR by linearity.
Notice that the rank one discrete subgroups of (V2gR ;+) are all isotropic. Note also
that the following assertions
(i) Γr is isotropic with respect to E,
(ii) The R-linear subspace WrR is contained in its symplectic complement
(WrR)
⊥E = {v ∈ R2g; E(ωj, v) = 0, j = 1, · · · , r}, (2.3)
(iii) For every j, k = 1, · · · , r, we have H(ωj,ωk) = H(ωk,ωj),
are clearly equivalents. Moreover, we have
Lemma 2.2. Let Γr be an isotropic discrete subgroup of (R2g;+) of rank r. Then, we have
(i) 0 ≤ r ≤ g.
(ii) H(u, v) = E(iu, v) for every u, v ∈WrR.
(iii) WrR ∩ iWrR = {0}.
(iv) WrC := W
r
R ⊕ iWrR is a C-linear subspace of VgC spanned by the C-linearly in-
dependent vectors {ω1,ω2, · · · ,ωr}, WrC = SpanC{ω1, · · · ,ωr}. In particular,
dimCWrC = r.
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Proof. Combination of the facts dimRWrR = r,W
r
R ⊂ (WrR)⊥E and
dimR(WrR)
⊥E + dimRWrR = dimRV
2g
R = 2g
(see [?]) infer (i). (ii) is an immediate consequence of (2.1) combined with the fact
that E(u, v) = 0 for every u, v ∈ WrR. (iii) follows easily form (ii). For (iv), WrC =
SpanC{ω1, · · · ,ωr} is clear and the C-linear independence of {ω1,ω2, · · · ,ωr} can
be obtained using (iii). 
Thus, under the assumption that Γr is isotropic, the vector space V
g
C
can then
be seen as direct sum, Vg
C
= WrC ⊕ (WrC)⊥, where (WrC)⊥ denotes the orthogonal
complement of WrC with respect to H. The subspace (W
r
C)
⊥ is then generated by
someC-linearly independent vectors, ωr+1, · · · ,ωg ∈ VgC. Without lost of generality,
we can assume that the ωr+1, · · · ,ωg are orthogonal with respect to the hermitian
form H. That is
H(ωj,ωk) = δjk; j, k = r + 1, · · · , g.
Accordingly, we can decompose H onVg
C
×Vg
C
as
H(u, v) =
r
∑
j,k=1
zjwkH(ωj,ωk) +
g
∑
j=r+1
zjwj, (2.4)
for every u = ∑
g
j=1 zjωj, v = ∑
g
k=1 wkωk ∈ V
g
C
. Furthermore, since H(ωj,ωk) =
H(ωk,ωj) for every 1 ≤ j, k ≤ r, the form (u, v) 7−→ H(u, v), where v = ∑gk=1 wkωk,
induces a non-degenerate symmetric bilinear form onWrC ×WrC by considering
B(u, v) = H(u, v) =
r
∑
j,k=1
zjwkH(ωj,ωk); u, v ∈WrC. (2.5)
Whence the matrix B = (H(ωj,ωk))1≤j,k≤r is non-degenerate, real and symmetric.
Whenever B denotes the form (2.5) onWrC ×WrC, B˜ denotes its natural extension to
V
g
C
×Vg
C
, B˜(u, v) = H(u, v); u, v ∈ Vg
C
.
We conclude this section by claiming that
Lemma 2.3. Let Γr be an isotropic discrete subgroup of (R2g;+) of rank r. Then, we have
(i) H(u, v) = H(u, v) for every u, v ∈WrC.
(ii) H(u,γ) = B˜(u,γ) for every u ∈ Vg
C
and γ ∈ Γr.
(iii) B˜(u + γ, u + γ) = B˜(u, u) + 2H
(
u + γ2 ,γ
)
for every u ∈ Vg
C
and γ ∈ Γr.
Proof. (i) follows by symmetry of B on WrC ×WrC, while (ii) is immediate since γ =
γ. Finally, the bilinearity and the symmetry of B˜ with (ii) yield (iii);
B˜(u + γ, u + γ) = B˜(u, u) + 2B˜
(
u +
γ
2
,γ
)
= B˜(u, u) + 2H
(
u +
γ
2
,γ
)
.

53. STATEMENT OF MAIN RESULTS
For simplicity of exposition, we set Vg
C
= Cg and V2gR = R
2g. For given fixed
real number ν > 0, given discrete subgroup Γr = Zω1 + · · · +Zωr; 0 ≤ r ≤ 2g,
of (Cg,+) and given mapping χ on Γr such that |χ(γ)| = 1, we consider the space
Oν,HΓr,χ(Cg) of complex valued holomorphic functions on Cg displaying the functional
equation
f (u + γ) = χ(γ)eνH(u+
γ
2 ,γ) f (u); u ∈ Cg,γ ∈ Γr. (3.1)
Notice that the function | f (u)|2e−νH(u,u) is Γr-periodic for every f satisfying (3.1).
Therefore the quantity
‖ f ‖2ν,Γr,H :=
∫
Λ(Γr)
| f (u)|2e−νH(u,u)dλ(u) (3.2)
makes sense and is independent of the choice ofΛ(Γr), where dλ denotes the Lebesgue
measure on Cg. Here Λ(Γr) is a fundamental domain of Γr representing inR2g = Cg
the orbital group R2g/Γr with respect to its quotient topology. It can be identified to
Λ(Γr) ≡ ([0, 1])r ×R2g−r and therefore to
Λ(Γr) ≡ ([0, 1]×R)r ×Cg−r
when 0 ≤ r ≤ g. Thence, we perform the functional space F 2,ν,HΓr,χ (Cg) of all holo-
morphic functions on Cg satisfying (3.1) and such that ‖ f ‖2ν,Γr,H is finite. That is
F 2,ν,HΓr,χ (Cg) = O
ν,H
Γr,χ(C
g) ∩ L2(Λ(Γr); e−νH(u,u)dλ).
The following result can be obtained in a similar way as in [11] (see also [12, 27]).
Proposition 3.1. Let (Cg, H, E) and (ν, Γr,χ) be fixed as above. If the space Oν,HΓr,χ(Cg)
(resp. F 2,ν,HΓr,χ (Cg)) is non-trivial, then the triplet (ν, Γr,χ) verify the cocycle condition
χ(γ+ γ′) = χ(γ)χ(γ′)eiνE(γ,γ
′); ∀γ,γ′ ∈ Γr. (RDQ)
Remark 3.2 (Geometric interpretation). The Riemann-Dirac quantization condition (RDQ)
is equivalent to say that the family of multipliers Jν,χγ (u) := χ(γ)eνH(u+
γ
2 ,γ), γ ∈ Γr, de-
fines a line bundle over the quasi-torus Cg/Γr as the quotient of Cg ×C with respect to the
action of Γr given by the mapping φγ(u; v) := (u + γ; J
ν,χ
γ (u)v). Thus, F 2,ν,HΓr,χ (Cg) can be
seen as the space of holomorphic sections of the above line bundle.
Remark 3.3 (Group theoretic viewpoint). Under the (RDQ) condition, the map χ in-
duces a group homomorphism from (Γr,+) into the Heisenberg group NE := (Cg×U(1); ·E)
endowed with the law group ·E defined by (u;λ) ·E (v; µ) := (u + v;λµeiνE(u,v)), by con-
sidering the injection map iE(γ) := (γ,χ(γ)).
Remark 3.4. If (RDQ) holds then necessary νpiE(γ,γ
′) takes integers values on Γr × Γr.
Moreover, χ is a character if and only if νE(γ,γ′) belongs to 2piZ for every γ,γ′ ∈ Γr.
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In the sequel, we have to study the functional spacesOν,HΓr,χ(Cg) and F
2,ν,H
Γr,χ (C
g) for
the special class of isotropic discrete subgroups Γr of (Cg,+), with 2 ≤ r ≤ g. To
this end, we need to fix additional notations. We identify the elements of Cg, WrC
and (WrC)
⊥ with their complex coordinates with respect to the basis (ω1, · · · ,ωg).
Thus, we write u = z1ω1, · · · , zgωg = (z1, · · · , zg) ∈ Cg as u = (z, z⊥) with z =
(z1, · · · , zr) ∈ Cr with respect to {ω1, · · · ,ωr} and z⊥ = (zr+1, · · · , zg) ∈ Cg−r with
respect to {ωr+1, · · · ,ωg}. Accordingly, we make use of the restriction H˜ of H to
WrC and the usual scalar product 〈, 〉Cg−r on (WrC)⊥,
H˜(z, w) =
r
∑
j,k=1
zjwkH(ωj,ωk) and 〈z⊥, w⊥〉Cg−r =
g
∑
j=r+1
zjwj, (3.3)
to rewrite H(u, v) in (2.4) for u = (z, z⊥) and (w, w⊥) as
H(u, v) = H˜(z, w) + 〈z⊥, w⊥〉Cg−r = B(z, w) + 〈z⊥, w⊥〉Cg−r . (3.4)
We also make use of the usual multi-index notations: |n| = n1 + · · ·+ ns and n! =
n1! · · · ns! for given multi-index n = (n1, · · · , ns) ∈ (Z+)s, zn = zn11 · · · znss and zw =
z1w1 · · · zsws for given z = (z1, · · · , zs), w = (w1, · · · , ws) ∈ Cs.
Under the assumption that Γr = Zω1 +Zω2 + · · ·+Zωr, is isotropic, the (RDQ)
condition becomes equivalent to say that χ is a character. Then, it is completely
determined
χ(γ) = χα(γ) = e2piiαm (3.5)
for certain α = (α1, · · · , αr) ∈ Rr, with γ = (m1, m2, · · · , mr) = m ∈ Zr. Therefore,
the functional equation (3.1) reads
f (z + m, z⊥) = eνB(z+
m
2 ,m)+2piiαm f (z, z⊥). (3.6)
Notice that in (3.6), the z⊥ can be seen as parameter. Thus we are dealing only with
the r-complex variable z = (z1, · · · , zr). Nevertheless, the condition of L2-integrable
will involves such parameter as we will see below.
The first main result of this paper is the following
Theorem 3.5. For given isotropic discrete subgroup Γr and the character χα given by (3.5),
we have
(1) The functions eα,νn,k(z, z⊥) given by
eα,νn,k(z, z⊥) := e
ν
2 B(z,z)+2ipi(α+n)zzk⊥, (3.7)
for varying n ∈ Zr and k ∈ (Z+)g−r, constitute an orthogonal basis in F 2,ν,HΓr,χ (Cg)
with∥∥∥eα,νn,k∥∥∥2ν,Γr,H =
(
1√
det B
)( pi
2ν
)r/2 (pi
ν
)g−r ( k!
ν|k|
)
e
2pi2
ν˜ (n+α)B
−1(n+α). (3.8)
7(2) A function f belongs to F 2,ν,HΓr,χ (Cg) if and only if it can be expanded in series as
f (z, z⊥) := ∑
(n,k)∈Zr×(Z+)g−r
an,k e
ν
2 B(z,z)+2ipi(α+n)zzk⊥, (3.9)
for some sequence of complex numbers (an,k)n;k satisfying the growth condition:(
1√
det B
)( pi
2ν
)r/2 (pi
ν
)g−r
∑
(n;k)∈Zr×(Z+)g−r
(
k!
ν|k|
)
e
2pi2
ν˜ (n+α)B
−1(n+α)|an,k|2 < +∞.
Remark 3.6. The spaces Oν,HΓr,χ(Cg) and F
2,ν,H
Γr,χ (C
g), associated to given isotropic discrete
subgroup Γr and character χα, are nonzero spaces.
Definition 3.7. Oν,HΓr,χ(Cg) (resp. F
2,ν,H
Γr,χ (C
g)) is called the space of holomorphic (Γr,χα)-
theta (resp. (L2, Γr,χα)-theta) functions associated to the isotropic discrete subgroup Γr.
F 2,ν,HΓr,χ (Cg) is also called (Γr,χα)-theta Fock-Bargmann space.
Now, for every z ∈ Cr and F ∈ Cr×r such that F is symmetric and its imaginary
part Im(F) is strictly positive definite, we define the Riemann theta function with
characteristics α, β ∈ Rr [20, 19, 28, 16] by
Θα,β(z
∣∣F) = ∑
n∈Zr
e2ipi{ 12 (α+n)F(α+n)+(α+n)(z+β)}. (3.10)
The positive definiteness of Im(F) guarantees the convergence of (3.10), for all values
of z ∈ Cr. Then, we assert
Theorem 3.8. F 2,ν,HΓr,χ (Cg) is a reproducing kernel Hilbert space. Its reproducing kernel
K(u, v) is given in terms of the theta function Θα,0. More explicitly, for every u = (z, z⊥)
and v = (w, w⊥) in Cg, we have
K(u, v) =
√
det B
(
2ν
pi
)r/2 ( ν
pi
)g−r
e
ν
2(B(z,z)+B(w,w))Θα,0
(
z− w
∣∣∣∣2piiν B−1
)
eν〈z⊥,w⊥〉Cg−r .
4. PROOFS OF MAIN RESULTS
To prove Theorem 3.5, we establish first some needed intermediary results. We
begin with the following
Lemma 4.1. Set ψν(u) = e
ν
2 B(z,z) and ϕα(u) := e2piiαz for every u = (z, z⊥) ∈ Cg. Then,
the holomorphic functions ψν and ϕα satisfy the functional equations
ψν(u + γ) = eνH(u+
γ
2 ,γ)ψν(u) and ϕα(u + γ) = χα(γ)ϕα(u), (4.1)
and the nonzero holomorphic function ψν,α(u) := ψν(u)ϕα(u) belongs to Oν,HΓr,χ(Cg).
Proof. The first functional equation in (4.1) follows making use of (iii) of Lemma
2.3. The second one is immediate keeping in mind that χα(γ) = e2piiαm, with γ =
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(m1, m2, · · · , mr) = m. Wherefor, the holomorphic function ψν,α(u) := ψν(u)ϕα(u)
satisfies
ψν,α(u + γ) = χα(γ)eνH(u+
γ
2 ,γ)ψν,α(u). (4.2)

Proposition 4.2. The following assertions are equivalents
(i) f ∈ Oν,HΓr,χ(Cg).
(ii) There exists a holomorphic Γr-periodic function f ∗ such that
f (u) = ψν,α(u) f ∗(u) = e
ν
2 B(z,z)+2piiαz f ∗(u). (4.3)
(iii) There exists a sequence of complex numbers (an,k)(n,k)∈Zr×(Z+)g−r such that f can
be expanded in series as
f (z, z⊥) := ∑
(n,k)∈Zr×(Z+)g−r
an,ke
ν
2 B(z,z)+2pii(α+n)zzk⊥. (4.4)
Proof. The equivalence (i)⇐⇒ (ii) follows immediately making use of (4.2),
χα(γ)eνH(u+
γ
2 ,γ) =
ψν,α(u + γ)
ψν,α(u)
.
Indeed, the functional equation f (u+γ) = χα(γ)eνH(u+
γ
2 ,γ) f (u) becomes equivalent
to
f ∗(u + γ) = f (u + γ)
ψν,α(u + γ)
=
f (u)
ψν,α(u)
= f ∗(u).
Whence f (u) = ψν,α(u) f ∗(u) with f ∗ is a holomorphic Γr-periodic function.
The proof of (ii) ⇐⇒ (iii) lies essentially on the fact that any holomorphic func-
tion in (z, z⊥) and Γr-periodic in z can be expanded as
f ∗(z, z⊥) = ∑
n∈Zr
ψn(z⊥)e2ipinz.
The series converges absolutely and uniformly on compact subsets of Cr × {z⊥} for
every fixed z⊥ ∈ Cg−r, while the Fourier coefficients ψn(z⊥); n ∈ Zr, are holomor-
phic in z⊥. Accordingly, they can be written as
ψn(z⊥) = ∑
k∈(Z+)g−r
an,kzk⊥
for some sequence of complex numbers (an,k)k∈(Z+)g−r . This gives rise to (4.4). 
Consequently, the holomorphic functions
eα,νn,k(z, z⊥) := e
ν
2 B(z,z)+2pii(α+n)zzk⊥, (4.5)
for varying n ∈ Zr and k ∈ (Z+)g−r, belong to Oν,HΓr,χ(Cg). Moreover, we assert the
following
9Proposition 4.3. The functions eα,νn,k(z, z⊥) in (4.5) are orthogonal in F 2,ν,HΓr,χ (Cg), with∥∥∥eα,νn,k∥∥∥2ν,Γr,H =
(
1√
det B
)( pi
2ν
)r/2 (pi
ν
)g−r ( k!
ν|k|
)
e
2pi2
ν (n+α)B
−1(α+n). (4.6)
Proof. From (3.4) and making use of the Fubini’s theorem, we can write〈
eα,νn,k , e
α,ν
n′,k′
〉
ν,Γr
=
(∫
([0,1]×R)r
e
ν
2 (B(z,z)+B(z,z)−2H˜(z,z))+2ipiα(z−z)+2ipi(nz−n′z)dλ(z)
)
×
(∫
Cg−r
zk⊥z⊥
k′e−ν|z⊥|
2
Cg−r dλ(z⊥)
)
The second integral in the right hand-side of the last identity is well known. It can
be obtained by means of Fubini’s theorem and polar coordinates. Explicitly, we have∫
Cg−r
zk⊥z⊥
k′e−ν|z⊥|
2
Cg−r dλ(z⊥) = δk,k′
(pi
ν
)g−r ( k!
ν|k|
)
.
For z = x + iy with x, y ∈ Rr, we have nz− n′z = (n− n′)x + i(n + n′)y. Note also
that since H˜(z, z) = B(z, z), it follows
B(z, z) + B(z, z)− 2H˜(z, z) = B(z− z, z− z) = −4B(y, y).
Whence, we get〈
eα,νn,k , e
α,ν
n,k
〉
ν,Γr
= δk,k′
(∫
([0,1])r
e2ipi(n−n
′)xdx
)
×
(∫
Rr
e−2νH˜(y,y)−2pi(2α+n+n
′)ydy
)(pi
ν
)g−r ( k!
ν|k|
)
= δn,n′δk,k′
(∫
Rr
e−2νB(y,y)−4pi(α+n)ydy
)(pi
ν
)g−r ( k!
ν|k|
)
(4.7)
thanks to the well-known fact
∫
[0,1]r e
2ipi(n−n′)xdx = δn,n′ . One recognizes in the last
integral the Gaussian integral [9, p. 256]∫
Rr
e−ayAy+bydy =
(
1√
det A
)(pi
a
)r/2
e
1
4a bA
−1b, (4.8)
where we have the limitation for a > 0, b ∈ Cr and A ∈ Cr×r a symmetric r-matrix
whose <(A) is positive definite. Thus, by inserting (4.8), for a = 2ν, b = −4pi(α+ n)
and A = B in (4.7), we get〈
eα,νn,k , e
α,ν
n,k
〉
ν,Γr
= δn,n′δk,k′
(
1√
det B
)( pi
2ν
)r/2 (pi
ν
)g−r ( k!
ν|k|
)
e
2pi2
ν (n+α)B
−1(α+n).

Now, we are able to prove Theorem 3.5.
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Proof of Theorem 3.5. In view of Propositions 4.2 and 4.3, the functions eα,νn,k ; are gen-
erators of F 2,ν,HΓr,χ (Cg) and pairewise orthogonal. We only need to prove that any
f ∈ F 2,ν,HΓr,χ (Cg) such that
〈
f , eα,νn,k
〉
ν,Γr
= 0, for all (n, k), is identically zero. This fol-
lows since the expansion series of f , given through (4.4), converges uniformly on the
compact sets, including KR := ([0, 1]× [−R, R])r × Bg−rR that recovers Λ(Γr), where
R > 0 and Bg−rR := {z⊥ ∈ Cg−r; 〈z⊥, z⊥〉Cg−r ≤ R2}. Thus, one can exchange the
series with the integration over subsets of KR. Precisely, we have〈
f , eα,νn,k
〉
ν,Γr
=
∫
Λ(Γr)
 ∑
(n′,k′)∈Zr×(Z+)g−r
an′,k′e
α,ν
n′,k′(u)
 eα,νn,k(u)e−νH(u,u)dλ(u)
= lim
R→+∞
∫
KR∩Λ(Γr)
 ∑
(n′,k′)∈Zr×(Z+)g−r
an′,k′e
α,ν
n′,k′(u)
 eα,νn,k(u)e−νH(u,u)dλ(u)
= lim
R→+∞ ∑
(n′,k′)∈Zr×(Z+)g−r
an′,k′
∫
KR
eα,νn′,k′(u)e
α,ν
n,k(u)e
−νH(u,u)dλ(u)
= lim
R→+∞
an,k
∫
KR
|eα,νn,k(u)|2e−νH(u,u)dλ(u)
= an,k
∥∥∥eα,νn,k∥∥∥2ν,Γr,H .
Therefore, an,k = 0 for all (n, k). This proves (i) of Theorem 3.5.
To prove (ii), we note first that any f ∈ Oν,HΓr,χ(Cg) expands as
f (z, z⊥) = ∑
(n,k)∈Zr×(Z+)g−r
an,ke
α,ν
n,k(z, z⊥)
for some sequence of complex numbers (an,k)(n,k)∈Zr×(Z+)g−r (Proposition 4.2). Whence,
f belongs to F 2,ν,HΓr,χ (Cg) if and only if ‖ f ‖ν,Γr,H < +∞. In the other hand, we have
‖ f ‖2ν,Γr,H = ∑
(n,k),(n′,k′)∈Zr×(Z+)g−r
an,kan,k
〈
eα,νn,k , e
α,ν
n′,k′
〉
ν,Γr
= ∑
(n,k)∈Zr×(Z+)g−r
|an,k|2
∥∥∥eα,νn,k∥∥∥2ν,Γr,H , (4.9)
where
∥∥∥eα,νn,k∥∥∥ν,Γr,H is explicitly given by (3.8). 
Now, in order to prove Theorem 3.8, we establish first the following
Lemma 4.4. Define
K˜(z, z⊥) =
√
det B
(
2ν
pi
)r/2 ( ν
pi
)g−r
e
ν
2(B(z,z)+B(z,z))Θα,0
(
z− z
∣∣∣∣2piiν B−1
)
eν|z⊥|
2
Cg−r
(4.10)
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for every (z, z⊥) ∈ Cg. Then, the following estimation
| f (z, z⊥)| ≤
√
K˜(z, z⊥) ‖ f ‖ν,Γr,H (4.11)
holds for every f ∈ F 2,ν,HΓr,χ (Cg) and every (z, z⊥) ∈ Cg. Moreover, for every compact set
K ⊂ Cg, there exists a constant CK ≥ 0 such that
| f (z, z⊥)| ≤ CK ‖ f ‖ν,Γr,H ; (z, z⊥) ∈ K. (4.12)
Proof. From the expansion series (4.4) of a given f ∈ F 2,ν,HΓr,χ (Cg), we get
| f (z, z⊥)| ≤ ∑
(n,k)∈Zr×(Z+)g−r
|an,k||eα,νn,k(z, z⊥)|
≤ ∑
(n,k)∈Zr×(Z+)g−r
(
|an,k|
∥∥∥eα,νn,k∥∥∥ν,Γr,H
) |eα,νn,k(z, z⊥)|∥∥∥eα,νn,k∥∥∥ν,Γr,H
 .
Now, by means of the Cauchy-Schwarz inequality, it follows
| f (z, z⊥)| ≤
 ∑
(n,k)∈Zr×(Z+)g−r
|an,k|2
∥∥∥eα,νn,k∥∥∥2ν,Γr,H
 12
 ∑
(n,k)∈Zr×(Z+)g−r
|eα,νn,k(z, z⊥)|2∥∥∥eα,νn,k∥∥∥2ν,Γr,H

1
2
.
The first term in the right hand side of the previous inequality is exactly the norm of
f (see (4.9)). The second one can be written in terms of the Riemann theta function
Θα,β(z
∣∣F) defined in (3.10) with F = (2pii/ν)B−1 and Im(F) = Re ((2pi/ν)B−1) > 0.
Indeed, from (4.5) and (4.6), we get
∑
(n,k)∈Zr×(Z+)g−r
|eα,νn,k(z, z⊥)|2∥∥∥eα,νn,k∥∥∥2ν,Γr,H
= K˜(z, z⊥),
where K˜(z, z⊥) is as defined in (4.10). Finally, we get | f (z, z⊥)| ≤
√
K˜(z, z⊥) ‖ f ‖ν,Γr,H.
The estimation (4.11) follows since the involved function K˜(z, z⊥) is continuous on
Cg, and therefore bounded on any compact set K ⊂ Cg. We have | f (z, z⊥)| ≤
CK ‖ f ‖ν,Γr,H; (z, z⊥) ∈ K, for certain constant CK. 
With this we can handle the proof of Theorem 3.8.
Proof of Theorem 3.8. The proof ofF 2,ν,HΓr,χ (Cg) being a Hilbert space is classical, thanks
to (3.6) in Lemma 4.4. For completeness, we offer here a proof of it. Let ( fp)p be a
Cauchy sequence in F 2,ν,HΓr,χ (Cg). Then, by means of (4.12) for fp − fq ∈ F
2,ν,H
Γr,χ (C
g),
for every compact set K ⊂ Cg there exists certain constant CK such that
| fp(z, z⊥)− fq(z, z⊥)| ≤ CK
∥∥ fp − fq∥∥ν,Γr,H ,
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for any (z, z⊥) ∈ K. Therefore, the sequence ( fp)p of entire functions is uniformly
Cauchy on compact subsets, and then is uniformly convergent to an holomorphic
function f on the wholeCg. Furthermore, the limit function f satisfies the same func-
tional equation (3.6) as fp. To conclude, we need only to prove that ‖ f ‖ν,Γr,H < +∞.
For this, notice that ( fp)p is also a Cauchy sequence in the Hilbert space L2,νH (Λ(Γr)) :=
L2(Λ(Γr); e−νH(u,u)dλ(u)) and whence ( fp)p converges to a function φΛ(Γr) ∈ L2,νH (Λ(Γr))
in the norm of L2,νH (Λ(Γr)). Thus, there exists a subsequence ( fpk)k of ( fp)p converg-
ing to φΛ(Γr) almost everywhere on Λ(Γr). Thence, f |Λ(Γr) = φΛ(Γr) ∈ L2,νH (Λ(Γr))
almost everywhere on Λ(Γr), and therefore ‖ f ‖ν,Γr,H =
∥∥∥φΛ(Γr)∥∥∥ν,Γr,H < +∞.
Now, according to Lemma 4.4, the point evaluation functional is continuous, in
F 2,ν,HΓr,χ (Cg) at the points of Cg, so that F
2,ν,H
Γr,χ (C
g) is a reproducing kernel Hilbert
space by Riesz representation theorem. Its reproducing kernel function can be deter-
mined explicitly. Indeed, starting from the fact that
K(u, v) = ∑
(n,k)∈Zr×(Z+)g−r
eα,νn,k(z, z⊥)e
α,ν
n,k(w, w⊥)∥∥∥eα,νn,k∥∥∥2ν,Γr,H
for every u = (z, z⊥); v = (w, w⊥) ∈ Cg, we obtain
K(u, v) =
√
det B
(
2ν
pi
)r/2 ( ν
pi
)g−r
e
ν
2(B(z,z)+B(w,w))(
∑
n∈Zr
e−
2pi2
ν (α+n)B
−1(α+n)+2ipi(α+n)(z−w)
) ∑
k∈(Z+)g−r
ν|k|
k!
zk⊥wk⊥

=
√
det B
(
2ν
pi
)r/2 ( ν
pi
)g−r
e
ν
2(B(z,z)+B(w,w))Θα,0
(
z− w
∣∣∣∣2piiν B−1
)
eν〈z⊥,w⊥〉Cg−r .

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